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Abstract 

Explicit form of two-point and three-point Sp (2M) invariant Green func- 
tions is found. 



1 Introduction 

As was originally pointed out by Fronsdal P, infinite towers of massless unitary 
representations of all spins of the AdS^ symmetry sp{4) ~ o(3, 2) exhibit higher 
symplectic symmetry sp{8) which extends usual conformal symmetry su{2, 2). It was 
also pointed out in that the minimal space-time in which sp{8) acts geometrically 
is ten dimensional. It can be realized as the space of Lagrangian planes jlj as well 
as the coset space Sp{8)/P where P is an appropriate parabolic subgroup of Sp{8) 
The local coordinates of this generalized space-time are symmetric matrices 
j^aiB _ ^/3«^ where a, (5 . . . = 1, 2, 3, 4 are four dimensional Majorana spinor indices. 
In this paper we will not distinguish between Ai^ and its large cell i?2^^(^''+i). AH 
integer spin massless bosons and half-integer massless fermions in four dimensions are 
described by a single scalar field $(X) and spinor field in respectively. 

Infinitesimal Sp{8) transformations are j2j 




dx^P + x^^x^^—- \¥{x), (1) 



1 



8 



)*?W + (^^-^.P^''^)^tW, (2) 



where e"^, e"/^, and Sap are X - independent parameters of, respectively, generalized 
translations, Lorentz transformations along with dilatations, and special conformal 
transformations, d and A are conformal weights of the fields and \Ef^, respectively. 
The sp(8) invariant form of the free massless field equations in M.^ is |3] 

.$(X) = (3) 



and 

(4) 

These equations are invariant under the sp(8) transformations^andElwith the canon- 
ical conformal dimensions = A = |. That these equations indeed describe four di- 
mensional higher spin dynamics and are invariant under sp(8) symmetry was shown 
in based on the so called unfolded form of the higher spin equations in the form 
of certain covariant constancy conditions. Note that in [l] a sp(8) world-line parti- 
cle model was considered giving rise to the first-class constraints which upon Dirac 
quantization give rise to the equations analogous to those of |3 ,. The equations El and 
El make sense for any even number M of values taken by the indices a, and remain 
sp(2M) invariant. As argued in |3J|2], the related dynamical systems are expected to 
be related with conformal higher spin systems in six and ten dimensions for M = 8 
and 16, respectively. We therefore consider in this paper any even M. Note that the 
form of the transformation laws Q and |2l is M- independent. 

It is yet an open question whether some nontrivial higher spin theories exist which 
exhibit higher symplectic symmetries in the unbroken phase beyond the free field level. 
There is some evidence, however, that spontaneously broken symmetries of this type 
play a role in supergravity 0. Also spontaneously broken higher symplectic symme- 
tries appear in the nonlinear higher spin field equations as formulated in |Hj. If there is 
a phase in which higher symplectic symmetries are unbroken it should describe some 
higher spin theory because irreducible representations of higher symplectic symme- 
tries form infinite towers of massless fields. 

The aim of this note is to analyze general restrictions on sp(2M) invariant Green 
functions. Following standard methods of conformal field theory along the lines of [H] 
(see also [Zj and references therein) we derive the forms of two-point and three-point 
functions invariant under the Sj) (2M) transformations Q and |21 The final results are 

l,¥\X^)¥\X2)) = C$$(det |Xi - X2I) , rfi = 4 (5) 
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[^f;{X,)^%'iX,)) = C^^ (Xi - (det |Xi - X2|)^^^ , Ai = A2 (6) 

($rfi(Xi)$'^2(X2)$'^3(X3)) = C$$$(det |Xi -X3|)-5(rfi+rf3-rf2) 
x(det 1X2 - X3|)-5('='2+^3-rfi)(det |Xi - X2|)-5('^i+'^2-rf3)^ 



(7) 



(*J^i(^i)^?/(^2)$"(X3)) = (Xi - X2)p,p, (det |Xi - X3r^'^ 

A2-Ai+ti A1+A2 — d 

X (det 1X2 - X3I) ^ — (det |Xi - X2I) ^ . 



(8) 



(Green functions containing odd numbers of fermions \1/ vanish.) 

This form of sp{2M) invariant Green functions is analogous to that of usual con- 
formal Green functions with the invariant intervals replaced by the determinants of 
matrix coordinates. It is tempting to speculate that the obtained results should 
admit an extension to higher Green functions and/or multispinor fields. The fact 
that sp{2M) invariance allows nonzero three-point Green functions we interpret as 
an indication that nontrivial generalized conformal theories with higher symplectic 
symmetries may exist beyond the free field level. 

In the rest of this letter we sketch the proof of the formulae |31IH1 

2 Two— point functions 

As a consequence of ^ the sp{2M) two point function 

G(Xi,X2) = ($"H^i)'^''M 
has to satisfy the following conditions 

{^ + ^)^(^^'^^) - °' 
e% {d, + d^) + 2e% [ Xr 7^ + X'^^-^ ) | G(Xi, X2) = , (10) 



9xr 5X2" V J 



Frominiit follows that 

G(Xi,X2) =F(F), y = Xi-X2 (12) 
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Eq. ^Jthen transforms to 

where P{Y) = In F{Y). Taking into account 
d 



e\ (rfi + d,) + 2e^y^^^P(r) = 0, (13) 



det |X| = det |X| , X^^X^" = 5^° , (14) 



the general solution of this equation is 

P(Y) = - in(det |y I) + C, (15) 

i-e., 

G(Xi,X2) = C(det|Xi-X2|) (16) 
where C is an arbitrary constant. Substituting into E] one gets 

(rfi-rf2)e"''(Xi-X2)„;3 = 0, (17) 



i.e. G(Xi,X2) = ^$'^i(Xi)<l>'^2(X2)^ can be nonzero only if di = c/2. As a result, 
we get the scalar sp{2M) invariant two-point function El For the free field case of 
di = d2 = ^ this agrees with the free Green function found in |2j. 
Consider now the fermionic two point function 

G,,,,(Xi,X2) = (vi/f;(Xi)v[/f/(X2)). 

Taking into account El the analysis analogous to the scalar case (cf. Eqs ll2llT71) gives 
Ai = A2 and 

G,,,,(Xi,X2) = (det|F|)-^^P,,,,(y), (18) 
where -Ppipal^) is some function satisfying the equations 

d_ 



'^y^'l^PpiP.iY) + S%,Pap,iY) + 5^,,P,AY) = , (19) 



2^"'^'"'^^pip.(^) + S%.y^'Ps,,{Y) + 5^,,y"^n,,(r) = . (20) 
FromlT9|l2nlit follows that. 

6%,Y^'Ps,,{Y) - 5^,,Y^'P,,s{Y) = 

and, therefore, 

P,,p,iY) = iY),,,,PiY). (21) 

Plugging l?T] into ITTH and OIH we find that P{Y) = const. Finally we obtain the expres- 
sion inifor the fermionic Green function. For the canonical dimensions Ai = A2 = | 
one recovers the free fermionic Green function of j2]. 
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3 Three— point functions 

As a consequence of Q the Green function 
has to satisfy the following system of equations 

r 3 3 Q ^ 

Y'a'll^i + ^'gx^j G{Xi,X2,X3) 

From 1221 "we obtain that 

G{Xi,X2,Xs)=F{YuY2), 
where we introduced new variables: 

Eg 1231 then transforms to 

i=l i=l ^'■i 

where P(Fi,F2) = In 1^2)- Its general solution is 



0, 
0, 
0. 



P(yi,F2)=ln 



(det |ri|)"^(det 1^2!)"^ (det \Yi - ^2!)"^ 
where fci, ^2 and ^3 are such that 

ki + k2 + k'i = di + 62 + 
and R{Yi,Y2) satisfies the equation 

RiY^,Y2) = 



+ R{YuY2] 



Taking into account |2S1 and 123 eq]^ transforms to 



d,Yf + d2Y^" + 



■a/3 



d 



d 



Plugging here the expression |2H1 and choosing 

2di — ki — = 0, 2di — ki — k^ 

we get 



d 



d 



i?(yi,r2) = o. 



(32) 



(33) 



It is easy to see that from IHUl and IH^ it follows R{Yi, Y2) = const. Thus|7|is the general 
expression for a three-point function. 
For the three-point function 

G,,,,(Xi,X2,X3) = (v[/^H^l)*i^(^2)$'(X3)) 



one obtains analogously from Q and El the expression |H1 Also, one can see that the 
Green functions with odd numbers of spinor fields vanish. 



Acknowledgments 



This work is supported by grants RFBR No 02-02-17067, LSS No 1578.2003-2 and 
INTAS No 03-51-6346. 



References 

[1] C. Fronsdal, "Massless Particles, Ortosymplectic Symmetry and Another Type 
of Kaluza-Klein Theory", Preprint UCLA/85/TEP/10, in Essays on Supersym- 
metry, Reidel, 1986 (Mathematical Physics Studies, v. 8). 

[2] M.A. Vasiliev, " Relativity, Causality, Locality, Quantization and Duality in the 
Sp{2M) Invariant Generalized Space- Time", hep-th/0111119| Contribution to 



the Marinov's Memorial Volume, M.Olshanetsky and A.Vainshtein Eds, World 
Scientific. 

[3] M.A. Vasiliev, Conformal Higher Spin Symmetries of 4d Massless Supermulti- 
plets and osp{L,2M) Invariant Equations in Generalized (Super)Space, 
Phys. Rev. D66 (2002) 066006, he p-th/0106149t 

[4] I.Bandos, J.Lukierski and D.Sorokin, Superparticle Models with Tensorial 



Charges, Phys. Rev. D61 (2000) 045002, |hiFth/ 9904109| 



6 



[5] Baerwald and P.C.West, Brane Rotating Symmetries and the Fivebrane Equa- 
tions of Motion, Phys. Lett. B 476 (2000) 157 , hep-th/9912226 
P.C.West, "Hidden Superconformal Symmetry in M Theory" hep-th/000527^. 

[6] A.M. Polyakov, Conformal theory of critical fluctuations, ZhETF Lett. 12 (1970) 
538. 

[7] E.S. Fradkin and M. Ya. Palchik, "Conformal Quantum field Theory in D- 
dimentions", 1996 (Kluwer Academic Publishers v. 376) 

[8] M.A. Vasiliev, Phys. Lett. B285, 225 (1992); see also"hep-th/9910096 



7 



